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1. Introduction 

Our aim is to prove some facts on the topology of a particular class of non archi- 
medean analytic spaces in the sense of Berkovich. One of the main feature of Berkovich 
analytic spaces is that their natural topology makes them both locally arcwise connected 
and locally compact. However, in general these spaces are far from being separable'. 
Nevertheless, we shall prove that analytic spaces retain some countability properties that 
reflect their algebraic nature. We expect these properties to be useful in a dynamical 
context. 

We shall work in the following setting. We consider an normal algebraic variety^ X 
defined over a field k. We fix an effective Cartier divisor D C X, and we let X be the 
formal completion of X along D. We then consider the generic fibre of this formal 
scheme as defined in [T]: this is an analytic space in the sense of Berkovich over k 
endowed with the trivial norm. When X = Spec A is affine, and D = {f = 0} with 
f ^ A, then coincides with the set of bounded (hence < 1) multiplicative semi- 
norms I • I : A — >■ M_|_ such that < |/| < 1. Note that replacing \ ■ \ hy u := — log | • |, 
we can define in an equivalent way as the set of valuations u : A ^ M_|_ U {+00} 
(possibly taking the value +00 on a non-zero element) such that 00 > z^(/) > 0. In the 
general case, X is covered by affine open subsets Ui, and X^ is obtained by patching 
together the C/i,,j's in a natural way. 
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'a separable space is a topological space admitting a countable dense subset. We shall never use the notion 
of separable field extension so that no confusion should occur. 

"this means X is iiTeducible reduced of finite type and k is algebraically closed. The last assumption is 
however inessential in our paper. 
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Multiplying a valuation by a positive constant yields an action of M!j_ on X^. It is 
therefore natural to introduce the normalized generic fiber ]X[c. of valuations nor- 
malized by the condition y{f) = +1. In this way, ]X[ can be identified with the quotient 
space of by M!j_, and the projection map — i-jXf is a M^-fibration. When D is 
complete, then the space ]X[ is compact, see Lemma 4.2 below. 

Our main result reads as follows. 

Theorem A. Let X be a normal algebraic variety over k and D be an effective Cartier 
divisor Let A be any subset of the normalized generic fiber ]X\ of the formal completion 
of X along D. 

For any x in the closure of A, there exists a sequence of points Xn & A such that 

Recall that a topological space is angelic if any relatively cj-compact set^ is relatively 
compact, and for any subset A, any point in A is the limit of a sequence of points in 
A, see [Fl] for more informations. This property plays an important role in the study of 
Banach spaces. A first consequence of the previous result is the following 

Corollary A. Let X be a normal algebraic variety over k and D be an effective Cartier 
divisor Then ]X[is angelic. If moreover D is complete then ]X[is sequentially compact. 

In order to state yet another consequence of Theorem A, we need to introduce some 
terminology. When X is affine, a divisorial valuation on the ring of regular functions 
k[X] is a discrete valuation of rank 1 and transcendence degree dim(X) — 1. Geomet- 
rically, it is given by the order of vanishing along a prime divisor in a suitable birational 
model of X. A point x G is called divisorial if it is given by a divisorial valuation in 
the ring of regular functions of some affine chart. If we interpret x as a semi-norm, then 
X is divisorial iff it is a norm, and the residue field of the completion of k[X] w.r.t. the 
induced norm by x has transcendence degree dim(X) — 1 over k. 

Finally recall that we have a natural reduction map rx '■ X^ D defined in the affine 
case by sending a semi-norm | • | to the prime ideal {| • | < 1} C k[X]. This reduction 
map sends a divisorial valuation to its center in X when it is non empty. Note that the 
center is automatically included in D if the valuation lies in X^. 

We shall also obtain 

Corollary B. Let X be a normal algebraic variety over k and D be an effective Cartier 
divisor Then for any point x G X^^, there exists a sequence of divisorial points Xn G X^ 
that converges to x, and such that rx (xn) G rx (x) for all n. 

Theorem A will be deduced from its analog on Riemann-Zariski spaces, see Theo- 
rem 3.1 below for details. In this case, it essentially boils down to the noetherianity of 
the Zariski topology on schemes. 

Let us now explain how one can transfer the previous results to non-archimedean 
analytic spaces. The normalized generic fiber ]X[ is not a Berkovich analytic space in a 
canonical way. However in the special situation where we have a map T : X ^ A| such 
that D = {T = 0}, then ]X[ turns out to be an analytic space over the non-archimedean 
field k{{T)) (with the norm exp(— ordo)). In the case X = Spec (A; [x^] /a) is affine. 



'i.e. any sequence of points in tins set has a cluster point in the ambient space 
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then A = ]^m^(k\xi ] /a) / (T" ) is a A;[[r]]-algebra topologically of finite type, and ]X[ is 
the set of semi-norms on A whose restriction on k[[T]] is exp(— ordo). In general, ]X[ 
coincides with the generic fiber of the T-adic completion of / in the sense of Berkovich 
(its construction in rigid geometry was previously given by Raynaud). 
We shall prove: 

Corollary C. Any compact Berkovich analytic space that is defined over the field k({T)) 
is angelic. It is in particular sequentially compact, and divisorial points are sequentially 
dense. 

Note that this result also holds over any (non archimedean) local field for simple 
reasons since any affinoid over such a field is separable. However when the residue field 
of k is not countable, Berkovich analytic spaces are not metrizable. 

For curves, the density of divisorial valuations follows from the semi-stable reduction 
theorem. And the sequential compactness is a consequence of the fact that any complete 
M-tree (in the sense of [FJ]) is sequentially compact. We refer to [M] for a proof. 

We note that any compact analytic space over any non-archimedean complete fields 
is angelic by the recent work of J. Poineau, [P]. Even though our result is much more 
restrictive, our approach can be directly adapted to prove the sequential compactness of 
special compactifications of complex affine varieties in the spirit of [Fa]. 

The following natural questions are related to the above results. 

Question 1. Let X be any Berkovich analytic space. Then any Borel measure on X is a 
Radon measure. 

Question 2. Let X be any Berkovich analytic space. Then the support of any Radon 

measure is separable. 

In dimension 1, question 2 has a positive answer. Question 1 remains open."*. 

Acknowledgements: we thank T. De Pauw, A. Ducros, M. Jonsson, J. Kiwi, J. Nicaise, 
and R. Menares for useful discussions on the material presented in this paper. Also we 
deeply thank J. Poineau for kindly informing the author about his proof of the sequential 
compactness of compact analytic spaces over an arbitrary field. 

2. Riemann-Zariski spaces 
Our basic references are [ZS, V]. 

A domain R is said to be a valuation ring if it has no divisors of zero, and for any 
non-zero element x in the fraction field of R, either x or belong to R. Any valuation 
ring is local, with maximal ideal niR consisting of those x E R such that x~^ does not 
belong to R. 

A valuation on is a function u : R \ {0} ^ F to a totally ordered abelian group 
r such that u{ab) = v{a) + ^{b); and i/(o + h) > max{zv(a), Any valuation 

extends in a unique way to a valuation on the fraction field K of R, and the set Ri, = 
{a G K, u{a) > 0} is a valuation ring in K. 



there is a gap in both proofs of this fact given in [FJ] and [BR] 
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Conversely, to a valuation ring R C K is associated a unique valuation i/ : R^T up 
to isomorphism, where F is the group obtained by moding out K* by the multiplicative 
set R \ rriij. 

In the sequel, we shall make no difference between valuation rings and valuations. 

Let X be a projective normal irreducible variety defined over a field k. Abhyankhar's 
inequahty for a valuation v on k{X) states that 

rat.rk(z^) + dcg.tr(zy) < dim{X) , 

where rat.rk(z/) denotes the dimension of the Q vector space F (S>z Q; and deg.tr(z/) is 
the degree of transcendence of the residue field over k. In particular, F ^^Q is countable. 
We thus have 

Lemma 2.1. The value group of any valuation on k{X) that is trivial on k is countable. 

The Riemann-Zariski space X is the set of valuation rings in k{X) containing A; such 
that the sets 

U{A) = {R,Ac R} 

where A ranges over all subrings of finite type of k{X) that contains k form a basis of 
open sets for its topology. A theorem of Zariski states: 

Theorem 2.2. The Riemann-Zariski space is quasi-compact. 

Note that X is never Hausdorff except in dimension 0. 

Suppose 1/ : k{X) ^ r is a valuation with valuation ring R^. A projective birational 
model of X consists of a birational map (p : X' X from a normal projective variety 
to X. The map (p induces an isomorphism between k{X) and k{X'), so that v can be 
viewed as a valuation on k{X'). The set of closed points x' G X' such that the local ring 
Ox',x' is included in R^, and its maximal ideal in m/?^ forms an irreducible subvariety 
called the center of u in X'. We denote it by X'). We shall view C(z/, X') scheme- 
theoretically as a (non necessarily closed) point in X'. A birational model ip : X" — ^ X 
dominates another one cj) : X' — ^ X iff /x := (^"^ o tp is regular. If X" dominates X', 
then /x(C(z/, X")) = C{y, X'). 

Consider the category 55 of all projective birational models of X up to natural isomor- 
phism, each model endowed with the Zariski topology. It is an inductive set for the re- 
lation of domination introduced before. We may thus consider the projective limit of all 
birational models of X, that is Hm^,^^ X' endowed with the projective limit topology. 
Concretely, a point in ^151^,^^ is a collection of irreducible subvarieties Zx' C X' 
for each projective birational model X' such that fi{Zx") = Zx' if X" dominates X'. 

For a given valuation v, we may attach the collection {C(i/, X')}x'e!B- This defines a 
map from X to lim ^,^^ X'. Conversely, given a point Z = {Zx'}x'e<B in the projective 
limit, we define the subset Rz of k{X) of those meromorphic functions that are regular 
at the generic point of Zx' for any birational model X' of X. It is not difficult to check 
that Rz is a valuation ring. 

These two maps are inverse one to the other. More precisely, one has the following 
fundamental result again due to Zariski: 
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Theorem 2.3. The natural map X — )■ \^^,^^X' given by v ^ {C(i/, X')}x'g>b 
induces a homeomorphism. 

This result has the following useful consequence. For any model X', and any Weil 

divisor D' in X' , let U{X' ,D') be the set of all valuation rings whose center is not 
included in D' . Then the collection of all sets of the form U{X', D') gives a basis for 
the topology of X. 

Note that if we cover X' \ D' by affine charts Yi, then X'\Yi := is a divisor since 
X' is normal, and U{X',D') = \JU{X',Di). Thus the collection of all U{X',D'ys 
such that X' \ D' is affine also forms a basis for the topology of X. 

Lemma 2.4. A sequence of valuations converges to v in j£ iff for any f G we 

have f G R^^ for n large enough. 

Proof. Suppose first f„ — > u, and pick f ^ Ry. Choose a model X' such that / is 
regular on X', and let D' be the set of poles of /. Since / belongs to R^, the center 
of V cannot be included in D' , and v E U{X',D'). By assumption Un — > v hence 

G U{X', D') for n large enough. This imphes the center of f„ not to be included in 
D', and we conclude that / G Ri,^ . 

Conversely, let us assume that for any f e Ru,v/e have / G Ri,^ for n large enough. 
The collection of open sets U{X' , D') with X' a birational model of X, and D' C X' a 
divisor forms a basis for the topology on X. Therefore proving the convergence of Un to 
u is equivalent to show Un G U{X', D') for n large enough if z/ G U{X', D'). As noted 
above, we may assume Y' = X' \ D' is affine. Choose a finite set of regular functions 
fi on the affine space Y' that generate k\Y']. Since the center of u in X' is not included 
in D', we have > for all i. By assumption, we get I'nifi) > for all i and all 
large enough n. But then the center of f„ cannot be in D', hence f„ G U{X', D'). This 
concludes the proof. □ 

Finally we shall use several times the 

Lemma 2.5. Suppose 3 is a coherent sheaf of ideals on an irreducible normal variety 
X. Then there exists a regular birational map (f> : X' ^ X such that X' is normal and 
3 ■ Ox' is locally principal (ie. invertible). 

Take X' to be the normalization of the blow-up of 3, and use the universal property 
of blow ups. 

3. COUNTABILITY PROPERTIES IN RIEMANN-ZARISKI SPACES 

In this section, X is a normal projective algebraic variety defined over a (non neces- 
sarily algebraically closed) field k. Our aim is to prove 

Theorem 3.1. Let A be any subset of X. Then for any v in the closure of A, either 
V G {/z} for some p G A, or one can find a sequence of valuations ^ A such that 

The proof relies on the following lemma. Recall that given an affine variety Y, a 
valuation v : k[Y] and 7 G F, the valuation ideal is defined by 

I{u,j) := {/, K/)>7}CM^]- 
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Lemma 3.2. Let Y be an irreducible affine variety. Suppose v : k\Y] is a valuation 
whose center in Y is non-empty. Pick 7 G F, with 7 > 0, and consider a proper 
modification fi : Y' —?■ Y with Y' normal such that I{u, 7) ■ Oy = Oy {—D)for some 
effective Cartier divisor D. 

Then C^VjY') is included in the support of D, and for any f G k[Y] such that 
^(/) = 7' divisor div(/ o n) cY' is equal to D at the generic point ofC{u, Y'). 

Proof. Suppose there exist a closed point p ^Y' , and a regular function / G Oy such 
that y{f) = 7, and / o /i does not vanish at p. Then the lift of /^^ is regular at p but 
does not belong to the valuation ring at v. Whence p ^ C{v, Y'). This proves the first 
claim. 

Next pick an element g in the valuation ideal so that i>{g) = 7, and the strict transform 
of g in Y' does not contain C{u, Y'). We may assume that the exceptional part of the 
divisor o // = 0} is equal to D. At a generic point p G C{v, Y'), write f o jJ' = f x f 
where / = defines the strict transform of {/ = 0} in Y', and {/ = 0} is supported on 
the exceptional divisor. Since 7 = we have div(/) > div{g) so that the quotient 
f/g is regular at p. Look at the equation: 

7 = m = Hg) + <f/9) + <f) = 7 + ^U/g) + yCf) ■ 

Since / and f/g are regular at p that belong to the center of u, we get v{f) > 0, and 
T^{f /g) > 0, whence u{f) = i^if/g) = 0, and f,f/g are both non-zero at p. This 
proves the claim. □ 

Proof of Theorem 3.1. There is no loss of generality in assuming u ^ {/i} for any ji & A. 
Let y C X be an affine chart intersecting the center of u, and write u : k[Y] ^ T for 
some totally ordered group F. By Lemma 2.1, i^(C'y) is countable. By Lemma 2.5, we 
may produce a sequence y„+i K„ ^-^^ ... — Y of birational models such that for 
any 7 G T, the valuation ideal sheaf /(z^, 7) • Oy„ is locally principal for all n large 
enough. 

For any subset S c ^, we introduce the Zariski closed set 

Lemma 3.3. There exists a countable subset A' d A and irreducible subvarieties C 

Yn such that 

(1) TTn-iiZn) = Zn-ifor alln; 

(2) the restriction maps Hn-i '■ Zn — )• Zn-i are birational; 

(3) for all n, Civ, C Z„; 
{A)foralln,Cn{A') = Zn. 

Pick any enumeration {vm} of the elements of A' , and consider a countable field K 
such that all varieties C(f^, Yn),C(u, y„) are defined over K. 

Let us introduce the following terminology. A pro-divisor W = {Wn} is a collection 
of (possibly zero) reduced divisors Wn in Z„ defined over K, such that -Kn{Wn+i) = 
Wn for all n, there exists an N for which Wn is irreducible, and Wn = (vTn-i o ... o 
7rjv)~^(W0v) for all n > N. We call the minimal having this property the height of 
W and denote it by h{W). Since for each N the set of prime divisors of Zn and defined 
over K is countable, we may find a sequence W^ enumerating all pro-divisors. 
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For any valuation /j, € A' and any pro-divisor W, we write ^ C W if C{iJ,, Yn) C Wn 
for all n. This condition is equivalent to impose C{fi, Yn) C Wn for N = h{W). 

Lemma 3.4. Suppose fi € A', and u ^ {/n}. Then one can find an integer j such that 
H C W^. 

We now define by induction a sequence of valuations i>m and of integers jm < jm+i 
such that 

• i>iC W^'- 

• vi^ for all j < ji. 

To do so we proceed as follows. Set Aj = {// G vl', /U C W^. Set ji = min{j, Aj / 
0}, and define recursively jm+i = min{j > Aj \ Ui^jAi ^ 0}. 

Let us justify the existence of jm for all m. By contradiction, assume that Aj \ 
Ui^jAi = for all j > j^- Since by Lemma 3.4 any valuation in A' belongs to some 
W^, we have A' = Uj^oAj. As a consequence, we conclude that A' c ^j<jm^j which 
forces all valuations in A' to have a center included in some fixed divisor of Zi. This 
contradicts property (4) of Lemma 3.3. 

Finally we pick any sequence i>i G Aj^ . 

We now prove that i>n converges to v. Pick f G R^, write / = f with g,h € k[Y]. 
Pick N sufficiently large such that I{i'{g),v) and I{i'{h),v) are locally principal in Yn- 
By Lemma 3.2, the Uft of / to Yn is regular at the generic point of C{v, Yn). 

Let Z be the set of poles of / in Yn- Since / is regular along C{v,Yn) C Zn, 
and Zn is irreducible, Z n Zn is a divisor of Zn that is possibly empty. If so, then 
/ is regular at the generic point of C{i'i,Yn) for all I which implies / G Ri,^ for all 
I. Otherwise, Z n Zn determines a unique pro-divisor say for some J such that 
W-}^ = Zr\ Zn, and = (7r„_i o ... o ^jv)-i(VF^) for all n>N. 

By construction, for any integer / such that ji > J, we have ^ W"'. In other 
words, we have C(z>i, Ya?) ^ = Z n Zjv. We have thus proved that / is regular 
at the generic point of C{vi,Yn) for I large enough. This impUes / G for I large 
enough, and concludes the proof. □ 

Proof of Lemma 3.4. Pick any valuation fi G A'. Assume that the center of /x in is 
equal to Z„ for all n. We need to prove that v EJJ., i.e. R^, C R^. 

Pick any / G i?,/. As in the proof above, we can find an N such that / is regular at 
the generic point of the center of i/ in Yn- Hence / is regular at the generic point of Zn- 
Since the latter is the center of fi, we conclude that f e R^. □ 

Proof of Lemma 3.3. We first construct varieties Zn in Yn satisfying the first three prop- 
erties. For that purpose, let us introduce the set Z be the set of all sequences Z, := 
{Zn}n of subvarieties of Y^ such that Z„ is an irreducible component of Cn{A) and 
TTn{Zn+i) C Zn. Sincc wc havc 7r„(C(//, y„+i)) = C{fi,Yn) for any valuation, note 
that TTniZn+i) = Zn for all n. 

For any fixed n, the set of irreducible components of Cn(A) is finite of cardinality 
d{n). The set of sequences of irreducibles components of Cn(^) is thus in natural 
bijection with S = H^ill) A(ri)\. For the product topology, S is a compact (totally 
discoimeted) space, and Z is a closed (hence compact) subset of S. 
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Now consider /C^ := {Z, € Z, 13 C(i/, If Z, belongs to /C„, then we have 
Zn~\ = TTn-iiZn) D 7rn-i(C'(i/, Y^)) = C{u,Yn-i). Hence foms a decreasing 
sequence of non empty compact subsets of Z. The intersection n„/C„ is thus non empty, 
and we may pick Z, G n„/C„. 

This sequence of varieties Zn satisfies the properties (1) and (2) of the lemma. Since 
7r„_i(Z„) = Zu-i, the dimension of Zn is increasing hence stationnary. Replacing the 
sequence Yn by Yn+N with N large enough, we may thus assume 7r„_i : Zn — >■ Zn-i 
is birational for all n, so that (3) also holds. 

For each n, we now define An := {/J, G A, C{n, Yn) C Zn}. We claim that for all 
k <n,vje have Cfc(A„) = Z„. 

Since Zn is an irreducible component of Cn{A), it is clear that C„(^„) = Now 
TTn-i is birational hence closed, which impUes -Kn-i{S) = TTn-iiS) for any subset 
S cYn.We infer 



Zn-l = 7r„-i(Z„) = 7r„_i(Cn(vl„)) = 7rn-l(U^gA„C'(/i,y„)) = 

U^eA„C(M,y„_i) = Cn-l{An) , 

and we conclude by a descending induction. 
Finally we construct the subset A'. 

First we shall construct countable subsets of A with special properties. To any count- 
able subset M of An, we attach the integer dn{M) = dim Cn{M), and let VniM) be the 
number of irreducible components of CniN). Suppose one can find a sequence of count- 
able sets such that dn{N^) is constant, and rn{M^) — )■ oo. Then dn{M) > dn{M^) 
for M := UjAf^. This shows that there exists a countable subset of An maxi- 
mizing the pair {dn{M) , VniM)) for the lexicographic order on N^. We claim that 
dni^^f) = dim Zn. 

Indeed if it were not the case, and since Ua„C(/x, Yn) is Zariski dense in Zn, then we 
could find a valuation ji ^ An such that C{^,Yn) ^ Cn{M) which would contradict 
the maximality of {dn{M),rn{N)). Since Zn is irreducible, for each n we have found a 
countable subset A/"" C An such that Cn{N^) = Zn. We conclude the proof by setting 
A' ■= UnAf". □ 



4. Proof of the main results 

In this last section, we explain how Theorem A can be deduced from Theorems 3.1. 
Proofs of Corollaries A and B are given at the end of this section. 

4.1. The projection of the Riemann-Zariski space to the generic fiber. 

Proposition 4.1. Pick any projective normal variety Y, and any effective Cartier divisor 
E in Y. Denote by 2)(-E) the subset of the Riemann-Zariski space ^ofY consisting of 
those valuations whose center in Y is included in E. 

Then there exists a surjective and continuous map li : 2)(i?) -^]Y[ such that for any 
V, the center ofv in Y is included in ry (n(z^)) {with equality when v is divisorial), and 
any divisorial point in]Y[ has a preimage in ^{E) which is divisorial too. 

This result is well-known but we give a proof for sake of completeness. 
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Proof. To construct H, pick a finite collection of affine charts Yj C Y, each intersecting 
E, and such that l^jYj D E. For each j, pick an equation fj G of E. Recall that 
[ is the set of all multiplicative semi-norms | • | : k\Yj\ R+ such that — log = 
+1. Then \ Y[ is the disjoint union of the ]ij['s patched together is a natural way. For 
any valuation v G 2}(£^) with valuation ring Rn, we take j such that the center of i/ in 
Yj is non-empty, and define the function Tl{y) = \-\i, : k\Yj] — >■ M+ by setting 

n(i/)(/) = - log (sup{p/g G Q+, such that /V/J € i?,, p G N, g G N*}) 

for any / G k\Yj\. We claim this is a multiplicative semi-norm. To simplify notation, we 
shall work with //(/) = exp(— n(i/)(/)). We shall use repeteadly the fact that g G k{Y) 
belongs to the valuation ring R^iSi E Ru for some n G N*. 

Fix / G k[Yj], and let /(/) = {p/q G Q+, such that /V/J e Then /(/) is a 

segment containing 0. Indeed pickp/g > p'/q' G /(/). Then (/V/J)''' = (P'/ff)'^ x 

ff-^"' G i?., and (/V/J) G i?.- 

Next assume / fJ , g'^ / fj G The same argument as before shows that for all 
< i < g we have {f^^'g')/ f'^ G R^. Whence (/ + 5)V/J e This shows 
Kf + g)> mm{fi{f),fi{g)}. 

Finally if /V/J,/ //j' e then {f gf'^' / ff " G i?. so that /x(/^) > /x(/) + 
//(^i). Conversely, if po/qo > ;u(/) + ii{g) then we may find two rational numbers 
v/q > l^if ), p'/q' > Kg) such that po/qo = p/q + p'/q'. Since /J//?, /j'// G R^, 
we get fj^'/ifg)'^'^ G This proves //(/y) = //(/) + /^(y), and concludes the proof 
that n(z/) is a multipUcative semi-norm. 

To see the continuity of H we pick a (net) t'n converging to a valuation in the 
Riemann-Zariski space, and we pick / G k[Yj]. Take p/q G Q+ such that f^/ fJ G i?;/, 
i.e. n(z/)(/) < — log(p/g). Then for an index n large enough f^/fj G too, 
hence IE^„n(z/„)(/) < n(i/)(/). Conversely, suppose /J//^ G i?^ (i.e. n(i/)(/) > 
— log(p/q)). The same argument shows lim„ n(M„)(/) < n(i/)(/). 

Let Z C £^ be the center of a valuation u G 2)(i?), and suppose Z nYj ^ 0. Then 
ry(n(i/)) is described by the prime ideal of functions / G k[Yj] such that n(i/)(/) < 1, 
or in an equivalent way such that f^/fj G Ri, for some p/q > 0. But fj £ ma^ . , hence 
/too, and ry (n(i/)) D Z. 

By construction, any rank 1 valuation v G 2)(£') is mapped to the unique norm | • | 
on k{Y) such that Ri, = {/, log |/| < 1} and — log \fj\ = +1 in some chart. Since 
norms are dense in ]y [, and IT is continuous, we infer that IT is surjective. We complete 
the proof by noting that 11 maps divisorial valuations to divisorial points. □ 

We also collect the following result for later reference 

Lemma 4.2. Pick any projective normal variety Y, and any effective Cartier divisor E 
in Y whose support is complete. Then 2)(£') is quasi-compact, and \E\is compact. 



Proof. It is a theorem of Zariski [ZS] that 2) is quasi-compact. The result follows since 
2) (£;) is a closed subset of 2) . □ 
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4.2. Proof of Theorem A. Recall our assumption: X is a normal algebraic variety, D 
is an effective Cartier divisor in X, and A is any subset of 

We first cover X by finitely many affine open sets Xj, and write Di = D f] X-i. We 
let be the normalized generic fiber of the formal completion of Xj along Di. This 
is an open (dense) subset of ]X[, and Uj ]Xi [ = ]X[ . 

For each i, we fix a projective (normal) compactification Xj C Xj. We write Di for 
the closure of D in Xj. It is a priori only a Weil divisor, but we may suppose it is Cartier 
by taking the normalized blow up associated to the ideal defining Di. 

Now pick any point x in the closure of A in ]X[. It belongs to ]Xj[ for some i. 
Since ]Xj[ is open in ]X[, the point x also lie in the closure of Ai = Ar\]Xi[. Apply 
Proposition 4.1 to y = Xj, and E = D^. This yields a continuous and surjective 
map n : ^r){E) ^]Xi[D]Xi[. Pick any valuation z/ G U-^{x) C ^{E). Since U 
is continuous, Il~^{x) is included in the closure of Il~^{Ai). Theorem 3.1 implies the 
existence of a sequence of valuations Un G Il~^{Ai) converging to u so that n(i/„) — >■ x. 

4.3. Proofs of Corollaries A and B. As in the previous section, X is a normal algebraic 
variety, and D is an effective Cartier divisor. 

We first prove Corollary A. Pick any subset A of ]X[. First take x in the closure of 
A. By Theorem A, there exists a sequence Xn & A such that Now suppose A 

is relatively cj-compact. We need to show that it is relatively compact in ]X[. Consider 
X any complete algebraic variety that contains X as a Zariski dense subset and such 
that the closure Z) of £> in X is still Cartier. Such a space is given by Nagata's theorem, 
see [CLO] for a modem account. 

Let A' be the closure of A in ]X[. By Lemma 4.2, ]X[ hence A' are compact. Now 
suppose by contradiction that we can find x G A'\]X[. Theorem A applied to ^ in X 
impUes the existence of a sequence x„ G A such that Since A is relatively 

w-compact, x„ admits a cluster point in ]X[ which is absurd. Thus A' is included in ]X[ 
which proves that A is relatively compact. 

These concludes the proof of Corollary A. 

We now prove Corollary B. Pick any x G X^. Note that for any closed subset C of D 
the preimage r^^(C) is open. In particular, r^^{rxix)) is an open neighborhood of x 
in Xjj. We claim that divisorial norms are dense in X^ (hence in ]X[nr^^(rx(a;)))- We 
conclude by applying Theorem A. 

To justify our claim, we proceed as follows. Just as in the proof of Theorem A, we 
cover X by affine charts Xj and take projective compactifications Xj of Xj. The set 
of divisorial valuations on k{Xi) that are centered in Di is dense in the subset of the 
Riemann-Zariski space of X, of valuations centered in Di. By Proposition 4.1, this 
shows divisorial norms are dense in ]Xj[. Since ]Xj[ is open in ]Xj[, divisorial norms 
are also dense in ]Xj[, hence in ]X[ as required. 

4.4. Proofs of Corollary C. Since a compact analytic space over k{(T)) is covered 
by finitely many affinoids, and any affinoid is a closed subset in a ball of a suitable 
dimension, it is sufficient to treat the case of the unit ball in A^^^^-j^. 

Let D is the hyperplane {xi = 0} in the affine space {xi, ...,Xn+i) G X := A^"*"^. 
The normalized generic fiber ]X[ of the formal completion of X along D is the set 
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of multiplicative semi-norms | • | : k[xi, ...,Xn+i] — > trivial on k, and such that 
= and |a::i| < 1 for all i >2. This is precisely the unit ball in X = A'^^^j.^^y By 
Theorem A, the unit ball in any dimension is thus angeUc. 
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